Let L be a finite-dimensional Lie algebra over a field k of characteristic zero, and U(L) its universal enveloping algebra. We show that the scmicenter of U(L) is a UFD. More generally, the same result holds when k is replaced by any factorial ring R of characteristic zero.
Factoriallty of Sz(D(L)). Using the important result
] that each nonzero two-sided ideal of U(L) contains a nonzero semi-invariant, it is fairly easy to check that w is a semi-invariant of D(L) if and only if w is a quotient of two semiinvariants of U(L) [6, Proposition 1.8] . It follows that Sz(D(L)) is the localization of Sz(U(L)) at the multiplicative system of nonzero semi-invariants of U(L).
Proposition

The semicenter Sz( D(L)) ofD(L) is a factorial domain (UFD).
Proof. Clearly, Sz(D(L)) is graded by the torsion-free abelian (hence totally ordered) group AD(L). By [3, 
can be extended to a rc-automorphism, also denoted by a, of U(L') and D(L'). The
If m g U(L') is a semi-invariant with weight X, then o(u) is a semi-invariant of U(L') with weight cA^a"1. UjVj is a semi-invariant with weight A, + p/ Regrouping the terms and comparing with (*) we conclude that y[ = A, + p) for some /', j. Hence, X¡\L = (y/ -p'j)\L -yx -pj g L*. Consequently, a ° A, ° a"1 = A, since these are two k'-linear functionals, taking the same value on each x g L. Hence a(u¡) = u¡ for all a g Gal(k'/k) yielding that w, is a semi-invariant of U(L). So, (u -u,yv -m -u¡v g Sz(U(L)) whence by induction u -ut g Sz(t/(L)) and therefore finally u g Sz(U(L)). License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use As we noticed above, Ga\(k'/k) acts on Sz(U(L')). Its fixed ring under this action, Sz(U(L')) n U(L), will be called the extended semicenter of U(L) and will be denoted by Esz(U(L)). Theorem 4 [6] . 77¡e extended semicenter Esz(U(L)) is a unique factorization domain.
Corollary
5 [6] . Let u be a nonzero semi-invariant of U(L). Then there exist unique irreducible, pairwise nonassociated, semi-invariants «,,... ,un and natural numbers m¡, a G k* such that u = a ■ uxh ■ ■ ■ «"'". Moreover, each u¡ is prime in Sz(U(L)).
Proof. Clearly, u g Esz(U(L)) which is a UFD. So, let u = a ■ u["> ■ ■ • m™-be a unique factorization of u into irreducible factors. As « is a semi-invariant, so are ux,...,un [6] . Next, suppose u, divides vw in Sz(U(L)), where v, w are nonzero elements of Sz(U(L)). In Esz(U(L)), u¡ is prime and divides vw. Therefore u¡ divides v (or w) in Esz(U(L)), i.e. v = uty for some nonzero y g Esz(U(L)). Now u¡y and ú¡ belong to Sz(U(L)). By Lemma 2, this implies that y g Sz(U(L)) and thus u¡ is prime in Sz(¿7(L)).
The following shows that it may happen that Esz(U(L)) # Sz(U(L)). Example 6 [6] . Let L be the Lie algebra over R with basis x, y, z such that that Sz(U(L)) is also a UFD. 4 . Factoriality of Sz(t/(g)), g being a Lie algebra over a domain R. We shall now take a brief look at a more general situation. Let 7? be an integral domain of characteristic zero, with quotient field k. Let g be a Lie algebra over 7? such that g is a free 7?-module of finite rank and put L = g ® k. The semicenter Sz(i/( g )) of U( g ) is defined analogously. The following is easy to verify (see e.g. Proof. Suppose 7? is factorial. Then D. Reynaud has shown that A = Sz(£/(g)) is factorial [10; 13, Theorem 10, p. 48] in case k is algebraically closed, the latter condition being required only in order for Moeglin's result [11] to be applicable to L. Therefore the same proof combined with Theorem 7 yields that A is factorial in general. Conversely, let us assume that A is factorial. By Remark 8, R and A have the same units if v g R, then v is irreducible in R if and only if v is irreducible in A. Now, take any nonzero element u g R. Let c = c ■ v"'1 ■ ■ ■ «j*>, c S A*, be its unique decomposition into irreducible factors in the factorial ring A. By Remark 8 and the foregoing observations, the decomposition is also the unique factorization of u in terms of irreducible factors in the ring 7?, which is therefore factorial.
